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Abstract 

• By characterization of semriprime S'A-ring by G. F. Birkenmeier, M. Ghirati 

O^"* I and A. Taherifar in [31 Theorem 4.4], and the topological characterization of 

. ' C'(X) as a Baer-ring, by F. Azarpanah and O. A. S Karamzadeh in [21 Theorem 

[ 3.5], it is easy to see that C{X) is an SA-ring (resp., IN-ring) if and only 

' if X is an extremally disconnected space. This result motivates the following 

questions: Question (f): What is X if for any two ideals / and J of C{X) which 
are generated by two subsets of idempotent, Ann{I) + Ann{J) = Ann{I n J)? 
Question (2) : When does for any ideal / of C{X) exists a subset S of idempotent 
such that Ann{I) = Ann{S)7 Along the line of answering these questions we 
introduce two topological spaces as follows. We call X an EF-spece (resp., £'2'- 
space) if any two unions of clopen subsets of X which are disjoint, are completely 
0\J I separated (resp., the closure of any open set equal to the closure of union of a 

' collection of clopen subsets). Topological properties of EF (resp., £'Z)-space 

^Sl ! are investigated. As a consequence, a completely regular Hausdorff space X is 

' an Ftj-space in the sense of Comfort and Negrepontis for each infinite cardinal a 

; if and only if X is EF and EZ -space. Among other things, for a reduced ring R 

we show that Spec(R) is an £^Z-space if and only if for every ideal / of i? there 
exists a subset S of idempotent elements of R such that Ann{I) = Ann{S). 
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c5 ! 1 Preliminaries 



A space X is extremally disconnected (resp., basically disconnecte) if the closure of 
every open subset is clopen in X (resp., if the closure of any cozeroset is open). 
It is well known that X is an extremaly disconnected space if and only if any two 
disjoint open subsets of X are completely separated if and only if every open sub- 
set of X is C*-embedded. In extremaly disconnected space every dense subset is 
C*-embedded. The reader is referred to [6", 1.//], [7] and [T3]. A topological space 
is said to be zero- dimensional [{)- dimensional) if it is a non-empty Ti-space with 
a base consisting of clopen sets, i.e., sets that are simultaneously closed and open. 
Zero-dimensional spaces were defined by Sierpinski in [11]. Every discrete space is 
zero-dimensional, but a zero-dimensional space need not have isolated points (an 
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example is the space Q of rational numbers). All zero-dimensional spaces are com- 
pletely regular. A zero-dimensional space need not be a normal space (i.e., disjoint 
closed subsets are completely separated). For this, the reader can see [6, Exam- 
ple 16.18], the space f3T = W* x A^*, where T is the tychonoff plank. This space 
is zero-dimensional. On the other hand Zero-dimensionality is inherited by sub- 
spaces, so T is zero-dimensional. But by [6l 8.20], T is not normal. A space X is 
totally disconnected if and only if the components in X are the points. Equivalently, 
X is totally disconnected if and only if the only non-empty connected subsets of 
X are the one-point sets. The following implications characterize the relationship 
among the notions defined above: X is extremally disconnected and T3 ^ X is zero- 
dimensional X is totally disconnected. None of the implications can be reversed 
and counterexamples exist even in the class of metric spaces. For terminology and 
notations, the reader is referred to [5] and [6]. 

All rings are assumed to be commutative with identity. By a reduced ring, we 
mean a ring without nonzero nilpotent elements. An ideal / of a ring R is said 
to be generated by a subset S of R, if for any a G I, there are two finite subset 
{ri, r2, r„} C R and {xi, X2, x„} C S such that a = riXi+r2X2 + ■■■+rnXn- The 
ideal generated by a subset S of R denotes hy < S >. For each subset 5 of a ring R, 
Ann{S) = {r G i? : rs = 0, Vs S S} and we have Ann{S) = Ann{< S >). A ring R is 
called SA (resp., IN)-ring if for any two ideals /, J of i?, Ann{I)+Ann{J) = Ann{K), 
for some ideal K of R (resp., Ann{I) + Ann{J) = Ann{I n J)) (see [3j). 

Throughout this paper, we denote by C{X), the ring of all real- valued continu- 
ous functions on a completely regular Hausdorff space X, and C*{X) be its subring 
of bounded functions. A completely regular Hausdorff space X is an F-space if its 
cozerosets are C*-embedded. Equivalently, X is an F-space if finitely generated 
ideals of C{X) are principal. For terminology and notations, the reader is referred 
to [6] and [IJ. 

For proof of the following lemma see [5, Corollary 3.6.5]. 

Lemma 1.1 If A is a clopen subset of a topological space X , then clpxA is a clopen 
subset of /3X. 

For the proof of the following theorems see [6l 1.17] and [6l 1.15]. 

Theorem 1.2 A subset S of X is C* -embedded in X if and only if any two com- 
pletely separated sets in S are completely separated in X. 

Theorem 1.3 Two sets are completely separated if and only if they are contained 
in disjoint zero-sets. Moreover, completely separated sets have disjoint zero-set- 
neighhorhoods. 

2 EF-space 

We call a topological space X an EF-space if for any two collections U and V of 
clopen subsets of X with [jU ri[jV = 0, we have [jU and IJV are completely 
separated. W prove that for any two ideals / and J of C{X), which are generated 



Some new classes of topological spaces and annihilator ideals 



3 



by two subsets of idempotent, Ann{I) + Ann{J) = Ann{I (1 J) (i,e., question 1) if 
and only if X is an EF-space if and only if (3X is an EF-space. 

According to the above definition and this fact that in normal space disjoint 
closed subsets are completely separated, the proof of the following lemma is evident. 

Lemma 2.1 Let X be a normal space. Then X is an EF-space if and only if for 
any two collections U and V of clopen subsets of X with \JU H [jV = 9, we have 
c/(UZ^)nd(UV) = 0. 

In [1] , Comfort and Negrepontis restrict attention to the class B of spaces that have 
a base of closed-and-open sets (e.g., a zero-dimensional space). For X and G open 
in X, G is of type < a if G is the union of < a closed-and-open subsets of X. Then, 
in the sense of [1], a spce X is an Fa-space if every open subset of X of type < a is 
C*-embedded in X, [4, pp. 350, 343]. 

Proposition 2.2 (a) Every connected space is an EF-space. 

(6) // any union of clopen subsets of X is C* -embedded, then X is an EF-space. 

(c) If the closure of any union of clopen subsets of X is an open subset, then X 
is an EF-space. 

(d) If X is an Fa-space for each infinite cardinal a in the sense then X is 
an EF-space. 

(e) Evey extremely disconnected space is an EF-space. 

Proof, (a) A connected space has no non-empty clopen proper subset, so is an 
EF-space. 

(b) Let for two collections U and V of clopen subsets, [jU ri[jV = 0. Define 
f{x) = for all X e[J^ and f{x) = 1 for all x e\JV. Then / G C{[jU U U V). 
By hypothesis, there exists g G C{X) such that 5|(|jtYulJV) ~ f- Hence [jU C Z{g) 
and U ^ -^(1 ~ 9)} thus X is an EF-space. 

(c) If U and V are two collections of clopen subsets and [jU ri[jV = 0, Then 
cl[_}U n dlj V = 0. Because cl[jU and cl[jV are clopen subsets. Hence cl{[jU) 
and cl{[JV) are disjoint zero sets, so [jU and IJ V are completely separated. 

(d) By (a), this is obvious. 

(e) . If X is an extremely disconnected, then any open subset of X is C*- 
embedded. By (a), X is an EF-space. □ 

The following Proposition shows that a zero-dimensional space need not be an 
EF-space. 

Proposition 2.3 Let X be a zero- dimensional space. Then the following statements 
are equivalent. 

(a) X is an EF-space 

(b) If U and V are two collections of clopen subsets of X with U ^ ^ U "^^ = 0; 
then d(UW) nd(UV) = 0. 

(c) The closure of any union of clopen subsets of X is an open subset. 

(d) X is an extremely disconnected space. 

(e) Any union of clopen subsets of X is C* -embedded. 
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Proof. By proposition 12.21 and definitions, (d) ^ (e) =^ (a) (6). 

(6) =^ (c) Let U hea collection of clopen subsets of X. Then lJZ//n(X\cZ(lJZi)) = 
0. But {X \ cl{[jh()) is an open subset, hence is a union of clopen subsets. Thus 
cl{[jU) ncl{X\ cl{\JU)) = 0. This implies that cl{\JU) C intcl{{}U). Therefore, 
cliyjU) is open. 

(c) =^ {d) By zero-dimensional hypothesis, any open subset ^ is a union of clopen 
subsets, hence cl{A) is the closure of a uion of clopen subsets, so is open. □ 

In the following example, we provide an i?i^-space which is neither connected 
nor extremally disconnected. 

Example 2.4 Let X = {s}U(lJ5JLi(^^, n+l)), where s ^ (n, n + 1) for each n eN, F 
be an ultrafilter on N and the neighborhoods of s is of the form {s}U(U„g_5(n,n + l)) 
which S (z F. Easilly seen that X is a disconnected space. Also X is not extremely 
disconnected space, for if A = (|, |), then cl{A) is not open in X. Now any clopen 
subset in X is of the form {x} U (lj„g5(n, n + 1)), S £ F or UnGx('^''^ + 1) ''^hich 
K ^ F. Hence the closure of any union of clopen subset of X is open. Thus X is 
an EF-space. 

Example 2.5 A closed subset of an EF-space need not be an EF-space. To see 
this, let X = /3N\N as a closed subspace of EF-space /3N. Then by ^6, 6S], the sets 
A' = clpj,]A \ N form a base for the open sets in /3N \ N. So X is a zero- dimensional 
space. On the other hand by JU, 6W. 3], the closure of union of a strictly increasing 
sequence of clopen sets is never open. Hence, the Proposition \2.3[ shows that X is 
not an EF-space. 

Proposition 2.6 If the closure of any union of clopen subset is open and any union 
of clopen subsets is C* -embedded in its closure, then any union of clopen subsets of 
X is C* -embedded in X. 

Proof. Let be a collection of clopen subsets. Suppose that A and B are completely 
separated in [JU. By Theorems 1 1 . 2 1 and 1 1 . 3 1 enough to prove that they are contained 
in disjoine zero-sets in X. By hypothesis, there are 51,52 G C*{cl{[jU)) such that 
A C Z{gi), B C Z{g2) and Z{gi) n Z{g2) = 0. Again by hypothesis, there exists 
an idempotent element / S C*{X) such that cKXJU)) = coz{f). Now we define 
hi{x) = 0, for all x ^ coz{f) and hi{x) = {gif){x), for all x G coz{f). Also define, 
h2{x) = 1, for all x ^ coz{f) and h2{x) = {g2f){x), for all x G coz{f). Then we have 
/ii, /i2 € C*{X), A C Z{gi) C Z{hi), B C Z{g2) C Z(/i2) and Z{hi) n Z(/i2) = 0. □ 
The following example shows that a P-space and hence a basically disconnected 
space need not be an E'F-space. 

Example 2.7 /6> 4- A/. Let X be an uncountable space in which all points are 
isolated points except for a distinguished point s. A neighborhood of s is any set 
containing s which complement is countable, so any set contains s is closed. Easily 
seen that X is a P-space. So X is a basically disconnected. Now, consider two 
disjoint uncountable subsets U,V X \ {s}. Then we have s € clU fl clV. So X is 
not an EF-space. 
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Theorem 2.8 X is an EF-space if and only if f3X is an EF-space. 

Proof. Let {Aa : a £ S}, {A^ : 7 G K} be two collection of clopen subsets of (3X 
and iUaeS n (U-yG/f A) = 0- Then we have (U„gs nX) n (U^gi^ A^nX) = 0. 
By hypothesis, there are disjoint zero-sets Zi and Z2 in Z[X] such that; 

(U„g5 n X) c Zi and (U^gK A n ^) ^ Z2. 

Therefore we have, 

(Uag5^a) ^ cZ^x(Uag5^a) = d/3X (Uag5 ^« H X) C d/jX^l, 
(U^gA' A) ^ c//3x(U/3g/r A) = cl^xiU-y^K AyHX) C clpxZ2. 

On the other hand Zi PI = implies that cl^xZi PI cli3xZ2 = 0- So by normality 
of clpxZi and are completely separated, i.e, (lj^g5 74c) and (lj^g^j4^) 

are completely separated. Conversely, assume that {Aa : a G 5}, {A^ : 7 S if} 
are two collection of clopen subsets of X and (Uags^a) H (U7g_R'^7) = 0- By 
Lemma 11.11 for each a € S and 7 G iT, clpxAa and clpxA^ are clopen sub- 
sets of /3X, so (Uag5 clpx-^a) H (U7g_ft: cl/sx^'y) = 0- This and hypothesis implies 
that (Uags c//3x^q) and (IJ^g;^ d/3x^7) are completely separated in I3X. Hence 
(UoeS^o) (U7G-ft:^7) completely separated in X. □ 
In the next theorem we will answer question 1. This result is an algebraic char- 
acterization of a completely regular hausdorff E'F-space. First we need the following 
lemma. 

Lemma 2.9 Let R be a reduced ring. The following statements are equivalent. 
(a) For any two orthogonal ideals I and J of R, Ann{I) + Ann{J) = R. 
(6) For any two ideals I and J of R, Ann[I) + Ann{ J) = Ann{I f] J). 

Proof, (a) =^ (6). Always we have Ann{I) + Ann{J) C Ann{I D J). Now suppose 
that X G Ann{InJ) = Ann{IJ). Then xIJ = 0. So by (a), Ann{xl) + Ann{J) = R. 
This shows that 1 = a + 5, where a G Ann{xl) and b G Ann{J). Therefore x = 
xa + xb, where xa G Ann{I) and xb G Ann( J), i.e, ^nn(/n J) C Ann(I) + Ann{J). 
(6) =^ (a). If / J = 0, then by hypothesis, we have 

Ann{I) + Ann{J) = Ann{I n J) = Ann{IJ) = R. 

□ 

Theorem 2.10 Let X be a completely regular Hausdorff space. The following stste- 
ments are equivalent. 

(a) X is an EF-space. 

(b) For any two ideals L and J of C{X) which are generated by two subsets of 
idempotent elements of C{X), Ann{I) + Ann{J) = Ann{L J). 

(c) For any two ideals I and J of C*{X) which are generated by two subsets of 
idempotent elements of C*{X), Ann{L) + Ann{J) = Ann{L D J). 
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Proof, (a) =^ (6) let ideals / and J of C{X) are generated by two subsets Si , S2 of 
idempotent elements of C{X). By Lemma 12.91 we can let IJ = and it is enough 
to prove that Ann{I) + Ann{J) = C{X). I, J = implies that 

(U coz{i)) n (u coz{j)) = (u coz{Si)) n (u coz{S2)) = 0. 

So there are disjoint zero-sets Z{fi) and Z{f2) such that; 

U COZ{I) = U COZ{Si) C Z(/i) and U COZ{J) = U COZ(52) C ^(/a). 

Therefore /i G Ann{I), f2 G ^nn(J) and Z{fl + /|) = 0. Hence fl + /| is an unit 
element in Ann{I) + Ann(J), i.e, Ann{I) + Ann{J) = C{X). 

(6) (a) Suppose that (U«G5^a) (U/3gA'^/3) = 0; where for each a & S, 
/3 G K, Aa and Ap are clopen subsets of X. Easily seen that for each a G S and 
P € K, there are idempotent elements Ca and ejs in C(X) such that Aa = coz{ea) 
and = coz{ei3). Hence (Uag5 co2;(eQ)) R (U/3gA- coz(e/3)) = 0. Now assume that 
ideals / and J are generated by {e^ : a G S*} and {e^j : /3 G -fC}. Then we can see 
that IJ = 0. By hypothesis and Lemma 12. 9| Ann{I) -\- Ann{J) = C{X). Hence 
there are / G Ann{I), g G Ann{J) such that 1 = f + g- Therefore we have, 
UaGS^a = Uaes'^ozica) = [jCOZ{I) C Z{f) and U/3ei^ = UpeKCOzie/^) = 
U COZ{J) C On the other hand Z{f) n Z{g) = 0. Hence X is an ^F-space. 

(c) -^^^ (a) This is a consequence of (a) 44> (6), Theorem 12.81 and this fact that 
C*{X) is isomorphic with C{(5X). □ 

Recah that, for a subset A of X, Ma = {/ G C{X) : A C 

Lemma 2.11 (a) For every subset S of C{X) we have, Ann{S) = Af(^|jc7oz[S])- 
(b) For subsets A,B of X we have, clxA = clxB if and only if Ma = Mb- 

Proof, (a) Let / G Ann{S). Then fg = 0, for all g ^ S. This implies that 
UCoz[5]CZ(/),i.e, /GM(y 

Coz[S\)- l^ow / G -^(IJ cozfs])' implies that, Coz{g) C 
U Coz[S] C Z{f) for each 5 G 5, so / G Ann{S). 

(b) If dxA = dxB, then easily seen that Ma = M^i^a = M^i^b = Mb- Now 
suppose that Ma = Mb and x G dxA. Then Ma = M^^a ^ M^. If x ^ dxB, 
then by completely regularity of X, there exists / G C{X) such that x ^ Z{f ) and 
-B C i.e, / G Mb \ M^, a contradiction. Hence dxA C dxB. Similarly, we 

can prove that dxB C dxA. □ 

From [9], a commutative ring i? with identity is Baer if the annihilator of every 
nonempty subset of R is generated by an idempotent. The next result is proved in 
[2] . Now we give a new proof by Lemma 12.111 

Theorem 2.12 Theorem 3-5] C{X) is a Baer ring if and only if X is an ex- 
tremely disconnected space- 

Proof. Let A be an open subset of X. Then by completely regularity of X, there ex- 
ists a subset S of C{X) such that A = [j COZ[S]- By hypothesis, there is an idempo- 
tent e G C{X) such that j4nn(S') = Ann{e)- Bv Lemma l2.11l -^(|jcoz[5]) ~ -^co^(e)- 
Hence clA = cl(Xj COZ[S]) = d{coz{e)) = coz{e) is open. 

Conversely, Suppose that S is a subset of C{X). Then by hypothesis, d{[j COZ[S]) 
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is open. So there exists an idempotent e G C{X) such that c/(lJZ[S']) = coz{e). 
Again by Lemma [2.111 we have, Ann{S) = M^^y^fs]) = ^coz{e) = Ann{e). □ 
Recall that a commutative ring R is an SA-ring (resp, IN-ring) if for any two 
idaels I and J of R, Ann{I) + Ann{J) = Ann(K), for some ideal K oi R (resp, 
Ann{I) + Ann{J) = Ann{I n J)), (see [3]). 

Corollary 2.13 The following statements are equivalent. 

(a) X is an extremely disconnected space. 

(b) C{X) is an IN-ring. 

(c) C{X) is an SA-ring. 

(d) The space of prime ideals of C{X) is an extremely disconnected space. 

Proof. This is a consequence of [3) Coro/ar/y, 4.5], and Theorem 12.121 □ 
In [12j, Swardson has introuduced a-open subset, i.e, A is a-open \i A = \JU., 
where lA \s & collection of cozero-sets of X with \IA\ < a. Also she has defined Fa- 
space X to be a space which every a-open subset of X is C*-embedded in X. She 
proved that a space X is an F^-space if and only if any two disjoint a-open subsets 
of X are completely separated in X (see [12\ Theorem 2.3]). 

Theorem 2.14 A topological space X is an Fa-space in the sense ll^ if and only if 
for any two a-generated ideals I and J of C{X), Ann{I) + Ann(J) = Ann{I fl J). 

Proof. By [I2l Theorem 2.3], the proof is similar to that of Theorem 12.101 step by 
step. □ 

Corollary 2.15 A topological space X is an F -space if and only if for any two 

f,g€ C{X), Ann{f) + Ann{g) = Ann{fg). 

Proof. (=>) Let fg = 0. Then coz{f) n coz{g) = 0. By hypothesis, there are 
/i,/2 G C{X) such that coz{f) C z{fi), coz{g) C ^(/s) and z{fi) n ^(/a) = so 
fl € Ann{f), /a G Ann{g) and /i +/! is an unit element in Ann{f) + Ann{g). Thus 
Ann{f) + Ann{g) = C{X). By this equality and Lemma 12.91 we have Ann{f) + 
Ann{g) = Ann{< / >) + Ann{< g >) = Ann{< f > n < g >) = Ann{fg). 

(<^) Clearly X is an F^^^-space in the sense ^2j if and only if X is an F-space. On 
the other hand, easily seen that for any wi-generated ideal I of C{X), there exists 
/ G C{X) such that Ann{I) = Ann{f). By Theorem [2311 X is an F-space. □ 

Corollary 2.16 Proposition. 2.2] X is extremely disconnected space if and only 
if X is Fa-space for each infinite cardinal a in the sense fi^J/ . 

Proof. This is a consequence of Corollary 12.131 and Theorem 12.141 

3 £'Z-spaces 

We call a topological space X an EZ space if for every open subset Aoi X there exists 
a collection {Aa : a G 5} of clopen subsets of X such that clxA = clx^XjaeS -^a)- 
In this section, it is proved that a completely regular Hausdorff space X is an EZ- 
space if and only if for any ideal / of C{X) there exists a subset S of idampotent 
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elements of C{X) such that Ann{I) = Ann{S) (i.e., question 2) if and only if for 
any / € C{X) there exists a subset S of idampotent elements of C{X) such that 
Ann(f) = Ann(S) if and only if f3X is an EZ-space. As a consequence, a completely 
regular Hausdorff space X is an EF and EZ-space if and only if X is an extremally 
disconnected space if and only if X is an i^Q-space for each infinite cardinal a in the 
sense [12] if and only if X is an Fc-space for each infinite cardinal a in the sense [1]. 

Proposition 3.1 (a) Every extremely disconnected space is an EZ-space. 

(b) Every zero- dimensional space is an EZ-space. 

(c) Every Ti-space which contains a dense set of isolated points is an EZ-space. 

(d) Every open subset of an EZ-space is an EZ-space. 

Proof, (a), (6) Are obvious. 

(c) Let X be a Ti-space and Y a dense subset of X consisting of isolated points. 
Then for any open subset A of X, we have clxiA) = clxiACiY), which Any is the 
union of clopen singleton point subsets. 

(d) Assume that Y be an open subset of X. Then by hypothesis, for any open 
subset A of y, there exists a collection {A^ : a G 5} of clopen subsets of X such 
that clx{A) = clxiUaes ^^a)- Now Y is open in X, so cIy{A) = clxiA) DY = 

clx{\JaeS^a)nY = dY{\JaeS^anY). □ 

Proposition 3.2 Let X = ^^^gX^. Then X is an EZ-space if and only if each 
Xa is an EZ-space. 

Proof. (=^) Each Xa is open in X. By Proposition 13.11 (d), each X^ is an EZ- 
space. 

(<^=) Suppose that A be an open subset in X. Then A n X^ is open in X^. 
Therefore, for each a € S", there exists a collection {A^ : (3 G Sa} of clopen subsets 
of Xa such that clxd^f^^a) = clxaiU/seSa ^o)- it is easy to see that clxA = 
dx Uae5(U/3G5c ^a)' i-^; ^ is an EZ-space. □ 

Theorem 3.3 (a) Every dense subset of an EZ-space is an EZ-space. 
(b) X is an EZ-space if and only if f3X is an EZ-space. 

Proof, (a) Let y be a dense subset of a topological space X and A be an open 
subset of y. Then there exists an open subset G of X such that A = G {^Y . By 
hypothesis, there exists a collection {Aa : a G 5} of clopen subsets of X such that 
clxG = c/xdJaeS^a)- other hand clxA = clx{Gr\Y) = clxG. So we have, 

cIyA = clxAnY = dxiUaes n y) n y = dyiUaGS AaDY). 

(b) If fix is an ii^Z-space, then by (a), X is an i?Z-space. Now assume that U 
he an open subset of /3X. Then C/nX is an open subset of X. By hypothesis, there 
exists a collection {Aa : a G S*} of clopen subsets of X such that dx{U fl X) = 
clxiUaes ^^a)- We claim that dj^xU = dfsxiXJaeS '^hx^a), where by LemmaHTH 
for each a G S, dpx-^a is a clopen subset in /3X. We have. 



clpxU = dpxiU n X) C dpx{clx Uae5 = 
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d^x(dl3x([JAa)nX) C cl(sxi{[jclfSxAa)). 

On the other hand, we have, 

d0x{[j dfsxAa) = d,3x{[j dfsxAa nX) = dfsxiU dxA^) = dpx{dx{U n X)) = 
dpx{dpx{Ur\X)r^X) = clpx{dpx{U)r\X) C clpxU. □ 

A completely regular Hausdorff E'Z-space need not even be totally disconnected 
space. The following example, (i.e., (a)) was presented by Brain M. Scot for another 
purpose. Also, by Theorem \'6.'i\ we have another example of -EZ-space which is not 
a zero-dimensional space. 

Example 3.4 (a) For n € Z+ let 

and let D = Ungz+ ■ Now suppose that X = D U [0, 1] as a subspace of M? 
with the usual topology. Then D is a countable dense set of isolated points in X. 
By proposition \3.1\ (c), X is an EZ -space. On tha other hand X is not a totally 
disconnected, i.e, X is not a zero- dimensional. 

(b) By Dowkers Example /5, Example, 6.2.20], we have a zero- dimensional space 
Y which f3Y is not zero- dimensional. On that other hand by Theorem \3.3l j3Y is an 
EZ-space. 

A closed subset of an i?Z-space need not be an E'Z-space. Because Y = [0, 1] as a 
closed subset of X in the above example (i.e., (a)), is not an E'Z-space. 

In the following theorem we answer question 1 and it is an algebraic characteri- 
zation of a completely regular Hausdorff E'Z-space. 

Theorem 3.5 Let X be a completely regular Hausdorff space. The following state- 
ments are equivalent. 

(a) X is an EZ-space. 

(b) For every ideal I of C{X), there exists a subset S of idempotent elements of 
C[X) such that Ann{I) = Ann{S). 

(c) For every f € C{X), there exists a subset S of idempotent elements of C{X) 
such that Ann{f) = Ann{S). 

(d) For every cozero-set H, of COZ[X] there exists a collection {Ha : a G S} of 
clopen subsets of X such that clxH = clxiUaeS ^a)- 

Proof, (a) ^ (6) For an ideal / of C{X) consider, A = \JCOZ[I]. Then by hy- 
pothesis, there exists a collection {Aa : a E S*} of clopen subsets of X such that 
clxA = clxiXJaes Aa)- Easily seen that for each a £ S, there exists an idempotent 
Ca such that Aa = coz{ea)- Now suppose that S = {cq, : a G S}. Then by Lemma 
12.111 we have, Ann{I) = Myj^(jQz[i] = ^[jcoz[s] = Ann{S). 

(b) =^ (a) Let A be an open subset of X. We know that in a completely regular 
space X, COZ[X] is a base for open subsets. So there exists a subset K of C{X) 
such that A = [JCOZ[K]. Now suppose that / be the ideal generated by K in 
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C{X). Then by hypothesis, there exists a subset S of idempotent elements of C{X) 
such that Ma = Ann{I) = Ann{S) = ^[jcoz[s]- Therefore by Lemma 12.111 we 
have, dx{A) = clx{[jCOZ[S]). 

(6) =^ (c) For any / G C{X), we have Ann{f) = Ann{< f >). By hypothesis, 
there exists a subset S of idempotent such that Ann{< f >) = Ann{S). Hence 
Ann{f) = Ann{S). 

(c) ^ (6) Let / be an ideal of C{X). Then Ann{I) = Clfei ^i^n{f). By hy- 
pothesis, for each f (z I tehre exists a subet Sf of idempotent such that Ann{f) = 
Ann{Sf). Therefore Ann{I) = f^j^^j Ann(Sf) = Ann{[j-ir^jSf). 

(c) ^ (d) This is similar to that of (a) ^ (6) step by step. □ 
Recal that, a subspace Y of a space X is a 2;-embedded in X if for every zero-set Z 
in Y there is a zero-set H in X such that Z = H OY . For example, a C*-embedded 
subspace is clearly z-embedded (see [lOj). 

Corollary 3.6 If X is a completely regular HausdorjJ EZ -space X , then every z- 
embedded subspace is an EZ-space. 

Proof. Let y be a z-embedded subspace of an E'Z-space X and H a cozer-set in 
Y . Then by hypothesis and Theorem 13.5^ there exists a cozero-set C in X and a 
collection {A^ : a S 5} of clopen subsets of X such that H = C \^Y and clxC = 
dx(Uae5^a)- Therefore dyi/ = dy(Cn y) = c/xCny = dy(Uc,gs^«ny). □ 
It is well known that if X is a zero-dimensional and -Fa-space for each infinite 
cardinal a in the sense [12], then X is an Fa-space for each infinite cardinal a, in 
the sense |4] . In the next result we give the necessary and sufficient conditions under 
which these two concept of F^-space coincide for each infinite cardinal a. 

Theorem 3.7 Let X he a completely regular Hausdorff space X. The following 
statements are equivalent. 

(a) X is an extremely disconnected space. 

(b) X is EE and EZ-space. 

(c) X is an Fa-space for each infinite cardinal a, in the sense US^ . 

(d) X is an Fa-space for each infinite cardinal a, in the sense J^. 

(e) The closure of any union of clopen subsets is open and X is an EZ-space. 

Proof, (a) <^ (c) Flows from Corollarv 12.161 

(a) =^ (b) By Propositions 12.21 and 13. H any extremely disconnected space is EE 
and EZ. 

(b) (a) Let X be EE and F^Z-space and I, J are ideals of C{X). Then by 
Theorem 13.51 and 12.101 there are two subsets 5*1 and 52 of idempotent elements of 
C{X) such that Ann{I) + Ann{J) = Ann{Si) + Ann{S2) = Ann{Si D 82). This 
shows that C{X) is an SA-ring. By Corollary 12.131 X is an extremely disconnected 
space. 

(a) =^ (d) Every extremely disconnected Ts-space is zero-dimensional. On the 
other hand any open subset of an extremely disconnected space is C*-embedded so 
any union of clopen subsets is C*-embedded. Therefore X is an Fa-space for each 
infinite cardinal a in the sense [1] . 

(d) (a) If X is F^a-space , for each infinite cardinal a in the sense [4], then by 
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Proposition 12.21 , X is an £^F-space. On the other hand X is zero-dimensional so is 
an EZ-space. Hence by (b) =^ (a) , X is an extremely disconnected space, 
(a) (e) This is obvious. 

(e) =^ (a) Let A be an open subet. Then by hypothesis, there exists a collection 
{Aa : a S S} of clopen subsets such that clA = cl{[J^^g Aa). Again by hypothesis, 
clA is open, i.e, X is an extremely disconnected space. □ 

4 Spec(R) as an EZ-space 

In this section, for a reduced ring R, we prove that Spec(R) is an EZ-space if and 
only if for every ideal I of R there exists a subset S of idempotent elements of R such 
that Ann{I) = Ann{S) (a general case of question 2) if and only if for any a £ R, 
there exists a subset S of idempotent elements of R such that Ann{I) = Ann{S). 

For a & R, let supp{a) = {P G Spec{R) : a ^ P}. It is easy to see that for any 
R, {supp{a) : a £ R} forms a basis of open sets on Spec(R) (i.e., the space of prime 
ideals of R). This topology is called the Zariski topology. We use V{I){V{a)) to 
denote the set of P G Spec{R), where I C P{a G P). Note that V{I) = n„g/^(a) 
and V{a) = Spec{R) \ supp{a) (see [8]). 

For an open subset A of Spec(R), suppose that Oa := {a £ R : A Q V{a)}. 
Since for any a,b £ R, V{a) n V{b) C V{a — b) and for each r £ R, a £ Oa, we have 
V{a) C V{ra), thus Oa is an ideal of R. It is easy to see that Oa = Clpi^A^ 
V{Oa) = clA, where clA is the cluster points of A in Spec(R). 

An ideal / of a commutative ring R is said to be annihilator ideal provided that 
Ann(Ann{I)) = I, equivalently, if Ann{I) C Ann{x), and x & R, then x € I. 

Lemma 4.1 Let R be a reduced ring. 

(a) For ideals I, J of R, Ann{I) C Ann{J) if and only ifintV{I) C intV{J). 

(b) For an open subset A of Spec(R), Oa is an annihilator ideal. 

(c) If I is an annihilator ideal of R, then there exists an open subset A of Spec (R) 
such that I = OA- 
Id) For open subsets A,B of Spec (R), Oa = Ob if and only if clB = clA. 

(e) A spec{R) is a clopen subset if and only if there is an idempotent e G i? 
such that A = V{e) = D{1 - e). 

(f) For any ideal I of R, Ann{I) = O^^^^^^jyy 

Proof, (a) let / and J be two ideals of R and P G intV{I). Then there is a G i? such 
that P G supp{a) C V{I). Hence supp{Ia) = supp{I) PI supp{a) = 0, thus la = 0. 
This implies that a G Ann{I) C Ann{J), so Ja = 0. Therefore P G supp{a) C 
intV{J). Conversely, let x G Ann{I). Then Ix = 0. so supp{x) C intV{I) C 
intV{J). This shows that supp{Jx) = supp{x) n supp{J) = 0. Hence Jx = 0, i.e, 
X G Ann{J). 

(b) Let Ann{OA) ^ Ann{x). By (a), A C intclA = intV{OA) ^ intV{x) C 
V(x), so X G Oa- 

(c) Suppose that / is an annihilator ideal and A = intV{I). We claim that 
I = Oa- If a G /, then intV{I) C V{a), i.e, a G Oa- Now let a G Oa- Then A = 



Some new classes of topological spaces and annihilator ideals 



12 



intV{I) C intV{a), so Ann{I) C Ann{a). On the other hand / is an annihilator, 
hence a £ I. 

(d) Oa = Ob, impUes that V{Ob) = V{Oa), i-e, d{B) = cl{A). Conversely, 
clA = clB implies that Oa = O^a = Ocib = Ob- 

(e) Let ^4 be a clopen subset, / = Oa and J = Oyic. Then A = clA = V{Oa) = 
V{I) and A" = V{Oa-) = V{J). Hence V{I + J) = V{I) n V{J) = 0, so there are 
a £ I and b £ J such that 1 = a + 6. But V{a) U V{b) = Spec{R), thus we have 
at = 0, this implies that a = a? and V{I) = V{a). The converse is evident. 

(f) If r € Ann{I), then ra = 0, for all a £ I, so [JD(I) C V{r), this shows 
that r £ Oy £)(/)• Now r £ O^^f^js^, implies that D{a) C V{r), for all a G /, so 
D{a) n Z)(r) = D(ra) = 0, i.e, ra = 0. Hence r G ^nn(/). □ 

Theorem 4.2 iei R be a reduced ring. The followung statements are equivalent. 

(a) The space of prime ideals, Spec(R), is an EZ -space. 

(b) For every ideal I of R, there exists a subset E of idempotent elements of R 
such that Ann(I) = Ann(E). 

(c) For every a £ R, there exists a subset S of idempotent elemnts of R such that 
Ann{a) = Ann{S). 

(d) For any a £ R, there exists a subset S of clopen subsets of Spec (R) such that 
clD{a) = cl{}D{S). 

Proof, (a) =^ {b) Let / be an ideal of R. Then we have 1J-D(/) is an open subset 
of Spec(R). By hypothesis, there exists a collection {A^ : a £ S} oi clopen subsets 
such that cl{{jD{I)) = cliyj^^g Aa). By Lemma HTTl for each a £ S there exists 
an idempotent Cq, such that A^ = D{ea)- Therefore, cl{[jD{I)) = d(lj^g5 D(eQ,)). 
Again by Lemma |4.H we have Ann{I) = Ann(E) where E = {e^ : a £ S}. 

(b) (a) Let A be an open subset of Spec(R). Then there exists a subset K of 
R such that A = \JD[K]. Now suppose that / be the ideal generated by K in R. 
Then by hypothesis and Lemma [4. 11 there exists a subset E of idempotent elements 
of R such that Oa = Ann{I) = Ann{E) = O^j^^^y Therefore, by Lemma \^A] we 
have cl{A) = cl{[jD[E]). 

(b) =^ (c) This is evident. 

(c) (6) For an ideal / of i? we have Ann(I) = f]^^jAnn{a). By hypothesis, 
for each a £ R there exists a subset Sa of idempotent such that Ann{a) = Ann{Sa)- 
Hence Ann{I) = Cl^^j Ann{Sa) = Ann{\Ja^j Sa). 

(c) <^ (d) By Lemma l4.ll Ann(a) = Ann(S) for some subset 5" of i? if and only 
if OD{a) = Oy D(S) if and only if clD{a) = cl{[j D{S)). □ 

Corollary 4.3 Let X be a completely regular Hausdorff space. Then X is an EZ- 
space if and only if Spec{C{X)) is an EZ-space. 

Proof. This is a consequence of Theorems 13.51 and 14. 2[ □ 

Questions 4.4 Let X be a completely regular Hausdorff space. 
(a) Is the converse of Proposition (a) true? 
(6) /s the converse of Proposition (b) true? 
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